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Abstract
Let ϕ : D → Ω be a homeomorphism from a circle domain D onto a domain Ω ⊂ Cˆ. We
obtain necessary and sufficient conditions (1) for ϕ to have a continuous extension to the closure
D and (2) for such an extension to be injective. Further assume that ϕ is conformal and that
∂Ω has at most countably many non-degenerate components {Pn} whose diameters have a finite
sum
∑
n
diam(Pn) <∞. When the point components of ∂D or those of ∂Ω form a set of σ-finite
linear measure, we can show that ϕ continuously extends to D if and only if all the components of
∂Ω are locally connected. This generalizes Carathéodory’s Continuity Theorem, that concerns the
case when D is the open unit disk
{
z ∈ Cˆ : |z| < 1
}
, and allows us to derive a new generalization
of the Osgood-Taylor-Caratheodry Theorem.
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1 Introduction and What We Study
There are two questions that are of particular interest from a topological viewpoint. In the first,
we want to decide whether two spaces X and Y are topologically equivalent or homeomorphic,
in the sense that there is a homeomorphism h1 : X → Y . In the second, the spaces X and Y are
respectively embedded in two larger spaces, say Xˆ and Yˆ , and we wonder whether a continuous
map h2 : X → Y allows a continuous extension hˆ2 : Xˆ → Yˆ . Our study concerns a special case
of the second question, when X is a circle domain and h2 a conformal homeomorphism sending
X onto a domain Y ⊂ Cˆ. In such a case X and Y are said to be conformally equivalent.
Our major aim in this paper is to generalize Carathëodory’s Continuity Theorem [6]. See
also [2, Theorem 3] or [27, p.18].
Theorem (Carathéodory’s Continuity Theorem). A conformal homeomorphism ϕ : D→
Ω ⊂ Cˆ of the unit disk D = {z : |z| < 1} has a continuous extension ϕ : D → Ω if and only if
the boundary ∂Ω is a Peano continuum, i.e. a continuous image of the interval [0, 1].
If Ω in the above theorem is a Jordan domain, so that its boundary is a Jordan curve,
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the extension ϕ : D → Ω is actually injective. This has been obtained earlier by Osgood and
Taylor [26, Corollary 1] and independently by Carathéodory [7]. It will be referred to as the
Osgood-Taylor-Carathéodory Theorem. See for instance [2, Theorem 4]. Here we also call it
shortly the OTC Theorem.
Theorem (OTC Theorem). A conformal homeomorphism ϕ : D→ Ω ⊂ Cˆ has a continuous
and injective extension to D if and only if the boundary ∂Ω is a simple closed curve.
There are very recent generalizations of the above OTC Theorem. See [12, Theorem 3.2],
[13, Theorem 2.1], and [25, Theorem 6.1]. Those generalizations are closely connected with a
very famous example of the first question, proposed in 1909 by Koebe [18].
Koebe’s Question. Is every domain Ω ⊂ Cˆ conformally equivalent to a circle domain ?
When Ω is finitely connected, in the sense that its boundary has finitely many components,
the above question is resolved by Koebe [19]. See the following theorem. The special case when
Ω is simply connected is discussed in the well known Riemann Mapping Theorem.
Theorem (Koebe’s Theorem). Each finitely connected domain Ω ⊂ Cˆ is conformally equiv-
alent to a circle domain D, unique up to Möbius transformations.
When Ω is at most countably connected, He and Schramm [12] obtained the same result.
Theorem (Koebe’s Theorem — Countably Connected Case). Each countably connected do-
main Ω ⊂ Cˆ is conformally equivalent to a circle domain, unique up to Möbius transformations.
This covers some earlier and more resticted results that partially solveKoebe’s Question,
when additional conditions on a countably connected domain Ω are assumed. Among others,
one may see [29] for such a result. A slightly more general version of the above theorem, on
almost circle domains, is given by He and Schramm in [15]. Here Ω ⊂ A is a relative circle
domain in Ω provided that each component of A \ Ω is either a point or a closed geometric
disk. An equivalent statement, pointed out by He and Schramm in [15], reads as follows.
Theorem (Koebe’s Theorem—Almost Circle Domains). Given a countably connected domain
A ⊂ Cˆ, every relative circle domain Ω ⊂ A is conformally equivalent to a circle domain D,
unique up to Möbius transformations.
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The uniqueness part of the above extended versions of Koebe’s Theorem comes from the
conformal rigidity of specific circle domains. For circle domains that are at most countably
connected and even for those that have a boundary with σ-finite linear measure, the conformal
rigidity is known. See [12, Theorem 3.1] and [13].
To obtain the conformal rigidity of the underlying circle domains, He and Schramm actually
employ some extended version of the OTC Theorem. See [12, Theorem 3.2] for the case of
countably connected domains. See [15, Lemma 5.3] and [15, Theorem 6.1] for the case of
almost circle domains.
Before addressing on what we study, we recall that in Carathéodory’s Continuity Theorem,
the “only if” part follows from very basic observations. On the other hand, the “if” part
may be obtained by using the prime ends of Ω, or equivalently, the cluster sets of ϕ. See
[6] and [8] for the theory of prime ends and for that of cluster sets. Moreover, by the Hahn-
Mazurkewicz-Sierpiński Theorem [20, p,256, §50, II, Theorem 2], a compact connected metric
space is a Peano continuum if and only if it is locally connected. Therefore, in Carathéodory’s
Continuity Theorem one may replace the property of being a Peano continuum with that of
being locally connected. In such a form, the same result still holds, if we change D into a circle
domain that is finitely connected, i.e., having finitely many boundary components.
We will characterize all homeomorphisms ϕ : D → Ω of an arbitrary circle domain D onto
a domain Ω ⊂ Cˆ that allow a continuous extension ϕ : D → Ω to the closure D. We also
analyse the restriction of ϕ to any boundary component of D, trying to find conditions for such
a restriction to be injective. More importantly, we will find answers to the following.
Extension Problem. Under what conditions does ϕ extend continuously to D, if it is further
assumed to be a conformal map ?
2 What We Obtain and What Are Known
In the first theorem we find a topological counterpart for Carathéodory’s Continuity Theorem.
Theorem 1. Any homeomorphism ϕ of a generalized Jordan domain D onto a domain Ω ⊂ Cˆ
has a continuous extension ϕ : D → Ω if and only if the conditions below are both satisfied.
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(1) The boundary ∂Ω is a Peano compactum.
(2) The oscillations of ϕ satisfy limr→0σr(z0) = 0 for all z0 ∈ ∂D.
A Peano compactum means a compact metrisable space whose components are each a
Peano continuum such that for any C > 0 at most finitely many of the components are of
diameter > C. A generalized Jordan domain is defined to be a domain Ω ⊂ Cˆ whose
boundary ∂Ω is a Peano compactum, such that all the components of ∂Ω are each a point or a
Jordan curve. And, for any r > 0 and any point z0 ∈ ∂D, the oscillation of ϕ at Cr(z0) ∩D is
σr(z0) = sup{|ϕ(x) − ϕ(y)| : x, y ∈ D, |x− z| = |y − z| = r}. Here Cr(z0) = {z : |z − z0| = r}.
The same philosophy has been employed by Arsove [2]. Indeed, the result of Theorem 1 for
simply connected D is known [2, Theorem 1]. In the same work, Arsove also gives a topological
counterpart for the OTC Theorem [2, Theorem 2]. In the next theorem„ we continue to obtain
a topological counterpart for generalized Jordan domains in the second theorem.
Theorem 2. Any homeomorphism ϕ of a generalized Jordan domain D onto a domain Ω ⊂ Cˆ
has a continuous injective extension ϕ : D → Ω if and only if the conditions below are satisfied:
(1) The domain Ω is a generalized Jordan domain.
(2) The oscillations of ϕ satisfy limr→0σr(z0) = 0 for all z0 ∈ ∂D,
(3) No arc on ∂D of positive length is sent by ϕ to a single point of ∂Ω.
In the above theorems the homeomorphism ϕ is not required to be conformal. When this
is assumed and D is a circle domain, three special cases are already known in which ϕ extends
to be a homeomorphism between D and Ω. See [12, Theorem 3.2], [13, Theorem 2.1], and
[25, Theorem 6.1]. In each of these cases, the circle domain D is required to have a boundary
with σ-finite linear measure or to satisfy a quasi-hyperbolic condition, while Ω is either a
circle domain or a generalized Jordan domain that is cofat in Schramm’s sense, so that all its
complementary components are each a single point or closed Jordan domain that is not far
from a geometric disk. When both D and Ω are required to be generalized Jordan domains
that are countably connected and cofat, any conformal homeomorphism ϕ : D → Ω extends to
be a homeomorphism between D and Ω provided that the boundary map ϕB gives a bijection
between the point components of ∂D and those of ∂Ω. See [28, Theorem 6.2].
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Removing the requirement of cofatness, we will find new conditions for an arbitrary con-
formal homeomorphism ϕ : D → Ω to extend continuously to the closure D. This extends
Carathéodory’s Continuity Theorem to infinitely connected circle domains and leads us to a
new generalization of the OTC Theorem. Such a generalization has overlaps with but is not
covered by any of the known extended versions of the OTC Theorem, that have been obtained
in [12, 13, 28, 25].
Recall that, by Theorem 1(1), we may confine ourselves to the case that the boundary ∂Ω
is a Peano compactum. Therefore, in the third theorem we characterize all domains Ω ⊂ Cˆ
such that the boundary ∂Ω is a Peano compactum.
Theorem 3. Each of the following is necessary and sufficient for an arbitrary domain Ω ⊂ Cˆ
to have its boundary being a Peano compactum:
(1) Ω has property S,
(2) every point of ∂Ω is locally accessible,
(3) every point of ∂Ω is locally sequentially accessible,
(4) Ω is finitely connected at the boundary, and
(5) the completion of Ω under the diameter distance is compact.
On the one hand, Theorem 3 demonstrates an interplay between the topology of Ω, that of
the boundary ∂Ω, and the completion of the metric space (Ω, d). Here d denotes the diameter
distance, which is also called the Mazurkiewicz distance. See [16] for a special sub-case of the
above Theorem 3, when Ω is assumed to be simply connected. On the other, Theorem 3 is
also motivated by and actually provides a generalization for a fundamental characterization of
planar domains that have property S. See for instance [31, p.112, Theorem (4.2)], which will
be cited wholly in this paper and is to appear as Theorem 3.1 (in Section 3 of this paper).
Note that the completion of (Ω, d) is compact if and only if Ω is finitely connected at the
boundary [3, Theorem 1.1]. The authors of [3] also obtain the equivalences between (2), (4) and
(5) for countably connected domains Ω ⊂ Cˆ [3, Theorem 1.2] or slightly more general choices of
Ω [3, Theorem 4.4]. The above Theorem 3 improves these earlier results, by obtaining all these
equivalences for an arbitrary planar domain Ω and relating them to the property of having a
boundary that is a Peano compactum.
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Now, we are ready to present on two approaches, that are new, to generalize Carathéodory’s
Continuity Theorem. To do that, we further suppose that the domain Ω has at most countably
many non-degenerate boundary components Pn whose diameters satisfy
∑
n diam(Pn) < ∞.
For the sake of convenience, a domain Ω satisfying the above inequality
∑
n
diam(Pn) < ∞
concerning the diameters of its non-degenerate boundary components will be called a domain
with diameter control.
By the first approach, we obtain the following.
Theorem 4 (First Generalization of Carathéodory’s Continuity Theorem). Let Ω ⊂ Cˆ
be a domain with countably many non-degenerate boundary components Pn such that the sum of
diameters
∑
n diam(Pn) is finite. Suppose that the linear measure of ∂Ω\
⋃
n
Pn is σ-finite. Then
any conformal homeomorphism ϕ : D → Ω from a circle domain D onto Ω has a continuous
extension ϕ : D → Ω if and only if ∂Ω is a Peano compactum.
In the second approach, we require instead that the point components of ∂D form a set
of σ-finite linear measure. This happens if and only if the whole boundary ∂D has a σ-finite
linear measure. In other words, we have the following.
Theorem 5 (Second Generalization of Carathéodory’s Continuity Theorem). Let
Ω ⊂ Cˆ be a domain with diameter control, so that ∂Ω has at most countably many non-
degenerate boundary components Pn satisfying
∑
n diam(Pn) < ∞. Let D be a circle domain
whose boundary has σ-finite linear measure. Then any conformal homeomorphism ϕ : D → Ω
has a continuous extension ϕ : D → Ω if and only if ∂Ω is a Peano compactum.
Remark. Note that, in Theorems 4 and 5, the continuous extension ϕ : D → Ω exists if and
only if one of the five conditions given in Theorem 3 is satisfied.
Among others, Theorem 5 has motivations from a recent work by He and Schramm [13].
This works centers around the conformal rigidity of circle domains that have a boundary with σ-
finite linear measure. Particularly, in the proof for [13, Theorem 2.1] we find detailed techniques
that are very useful in our study. He and Schramm [13] consider conformal homeomorphisms
between circle domains, while in Theorem 5 we study conformal homeomorphisms from a circle
domain D onto a general planar domain Ω. Note that the inequalities obtained in [13, Lemmas
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1.1 and 1.2 and 1.4] are among the crucial elements that constitute the proof for [13, Theorem
2.1]. In order to obtain these inequalities, one needs to assume at least that the complementary
components of Ω are L-nondegenerate for some constant L > 0. Such domains are also called
cofat domains in [25] and in [28].
Instead of assuming the property of being cofat, we focus on domains Ω with diameter
control. This is the major difference between Theorem 5 and the earlier results obtained in
[13, 25, 28]. For this flexibility, to choose Ω more freely among a large family of planar domains,
we pay a price by assuming in addition the diameter control, so that Ω has at most countably
many components whose diameters have a finite sum
∑
n diam(Pn) <∞. Note that in the cofat
situation, there is a natural inequality
∑
n (diam(Pn))
2 < ∞, ensured by the fact that every
domain on the sphere has a finite area.
Theorems 4 and 5 may be slightly improved by replacingD with a generalized circle domain.
See Theorems 5.9 and 6.5. From this we can infer a new generalization of the OTC Theorem.
Such a generalization has overlaps with and is not covered by any of the earlier ones obtained
in [12, Theorem 3.2], [13, Theorem 2.1], [25, Theorem 1.6], and [28, Theorem 6.2]. The original
form of the OTC Theorem is about a conformal homeomorphism between two Jordan domains.
In the next theorem, we extend the OTC Theorem to conformal homeomorphisms between two
generalized Jordan domains with diameter control.
Theorem 6 (Generalized OTC Theorem). Given a conformal map h : D → Ω between
two generalized Jordan domains, such that both ∂D and ∂Ω have at most countably many non-
degenerate components, say {Qn} and {Pn}, whose diameters have a finite sum
∑
n diamPn +
∑
n diam(Qn) < ∞. Suppose that the point components of ∂D or those of ∂Ω form a set of
σ-finite linear measure. Then ϕ extends to be a homeomorphism from D onto Ω.
The other parts of our paper are arranged as follows.
In section 3 we prove Theorems 1 and 2. To do that, we firstly establish in subsection 3.1 a
connection between the topology of a planar domain Ω and that of its boundary ∂Ω, showing
that Ω has property S if and only if ∂Ω is a Peano compactum. See Theorem 3.2. Then we
discuss in subsection 3.2 continuous function of a generalized Jordan domain and show that all
the cluster sets of such a function are connected. See Theorem 3.5. In this subsection, we also
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provide a non-trivial characterization of generalized Jordan domain. See Theorem 3.6. Then,
in subsection 3.3 and in subsection 3.4, we respectively prove Theorems 1 and 2.
In section 4, we prove Theorems 3.
In section 5 we firstly discuss a special case of Theorem 4, when the point components of
∂Ω form a set of zero linear measure. See Theorem 5.1. Then we use very similar arguments,
with necessary adjustments and more complicated details, to construct a proof for Theorem 4.
In section 6 we will prove Theorem 5, when the point components of ∂D form a set of zero
linear measure. The proofs for this theorem and Theorem 4 are both based on an estimate of
the oscillations for some conformal homeomorphism ϕ : D → Ω of a circle domain D, so that
Theorem 1 may be applied. Note that the results for Theorems 4 and 5 still hold, even if the
circle domain D is replaced by a generalized Jordan domain. See Theorems 5.9 and 6.5.
Finally, in section 7 we will prove Theorem 6. Here we also recall earlier results that provide
generalized versions of the classical OTC Theorem. See Theorems 7.2 to 7.5. These results
arise very recent studies that provide the latest partial solutions to Koebe’s Question. They
are comparable with Theorem 6, especially Theorem 7.5.
3 To Extend Homeomorphisms on a Circle Domain
The target of this section is to prove Theorems 1 and 2.
To do that, we need a result that connects the topology of a planar domain Ω ⊂ Cˆ to that
of its boundary, stating that Ω has property S if and only if ∂Ω is a Peano compactum. We
also need to analyze the cluster sets of a homeomorphism h, possibly not conformal, that sends
a generalized Jordan domain D onto a planar domain Ω. Then we will be ready to construct
the proofs for Theorems 1 and 2.
All these materials are presented separately in the following four subsections.
3.1 Property S and the property of being a Peano Compactum
The property S for planar domains and the property of being a Peano compactum, for compact
planar sets, are closely connected. Such a connection is motivated by and provides a partial
generalization for [31, p.112, Theorem (4.2)], which reads as follows.
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Theorem 3.1. If Ω ⊂ C is a region whose boundary is a continuum the following are equivalent:
(i) that Ω have Property S,
(ii) that every point of ∂Ω be regularly accessible from Ω,
(iii) that every point of ∂Ω be accessible from all sides from Ω,
(iv) that ∂Ω be locally connected, or equivalently, a Peano continuum.
Here a region is a synonym of a domain and a metric space X is said to have Property S
provided that for each ǫ > 0 the set X is the union of finitely many connected sets of diameter
less than ǫ [31, p.20]. Also, note that a point p ∈ ∂Ω is said to be regularly accessible from Ω
provided that for any ǫ > 0 there is a number δ > 0 such that for any x ∈ Ω with |x − p| < δ
one can find a simple arc xp ⊂ Ω ∪ {p} that joins x to p and has a diameter < ǫ [31, p.111].
Note that a point x ∈ ∂Ω regularly accessible is also said to be locally accessible [1].
The above theorem provides another motivation for Theorem 3.2 that is of its own interest.
We find a partial generalization for it, keeping items (ii) and (iii) untouched for the moment.
Theorem 3.2. A domain Ω ⊂ Cˆ has Property S if and only if ∂Ω is a Peano compactum.
When proving Theorem 3.2 we will use two notions introduced in [21], the Schönflies
condition and the Schönflies relation for planar compacta.
Definition 3.3. A compactum K ⊂ C satisfies the Schönflies condition provided that for the
strip W =W (L1, L2) bounded by two arbitrary parallel lines L1 and L2, the difference W \K
has at most finitely many components intersecting L1 and L2 at the same time.
Definition 3.4. Given a compact set K ⊂ C. The Schönflies relation on K, denoted as RK , is
a reflexive relation such that two points x1 6= x2 ∈ K are related under RK if and only if there
are two disjoint simple closed curves Ji ∋ xi such that U ∩K has infinitely many components
intersecting J1, J2 both. Here U is the component of Cˆ \ (J1 ∪ J2) with ∂U = J1 ∪ J2.
By [21, Theorem 3], a compact K ⊂ C is a Peano compactum if and only if it satisfies the
Schönflies condition. On the other hand, by [21, Theorem 7], a compact K ⊂ C is a Peano
compactum if and only if RK is trivial, so that (x, y) ∈ RK indicates x = y. These results
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have motivations from recently developed topological models that are very helpful in the study
of polynomial Julia sets. See for instance [4, 5, 9, 17]. It is noteworthy that these models
also date back to the 1980’s, when Thurston and Douady and their colleagues started applying
Carathéodory’s Continuity Theorem to the study of polynomial Julia sets, which are
assumed to be connected and locally connected. See for instance [10] and [30].
Proof for Theorem 3.2. We start from a proof by contradiction for the “only if” part.
Suppose on the contrary that Ω has Property S but ∂Ω is not a Peano compactum. There
would exist two parallel lines L1, L2 such that for the unbounded strip W = W (L1, L2) lying
between L1 and L2, the difference W \ ∂Ω has infinitely many components intersecting both
L1 and L2. Denote those components as W1,W2, . . .. Since every Wi is arcwise connected, we
may choose simple open arcs αi ⊂Wi joining a point an on Wi ∩L1 to a point bn on Wi ∩ L2.
Renaming the arcs αn if necessary, we may assume that for any n > 1, the two arcs αn−1 and
αn+1 lie in different components ofW \αn. Thus the arcs αn may be arranged insideW linearly
from left to right. See the following figure for a simplified depiction of this arrangement.
L1
L2
α1 D1 Dnα2 αn αn+1
an
bn
· · · · · · · · · · · ·
Figure 1: The two lines L1 and L2, the arcs α1, α2, . . . and the disks Dn.
Let Dn(n ≥ 1) be the unique bounded component of C \ (L1 ∪ L2 ∪ αn ∪ αn+1). Then
each Dn is a Jordan domain; moreover, the closed disk Dn contains a continuum Mn ⊂ ∂Ω
that separates αn from αn+1 in Dn. Such a continuum Mn must intersect both L1 and L2.
Therefore, we can choose xn ∈M2n−1 for all n ≥ 1 with
dist(xn, L1) = dist(xn, L2) := min {|xn − z| : z ∈ L2} .
Let ǫ > 0 be a number smaller than 14dist(L1, L2). Since xn ∈M2n−1 ⊂ ∂Ω we may find a point
yn ∈ Ω∩D2n−1 such that |xn − yn| < ǫ. Clearly, for any m,n ≥ 1 the two points yn, yn+m ∈ Ω
are separated in W by M2n. In other words, we have obtained an infinite set {yn} of points in
Ω, no two of which may be contained in a single connected subset of Ω that are of diameter
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less than ǫ. This leads to a contradiction to the assumption that Ω has Property S.
Then we continue to prove the “if” part. Again we will construct a proof by contradiction.
Suppose on the contrary that ∂Ω is a Peano compactum but Ω does not have Property S.
Then we could find a number ǫ > 0 and an infinite set {xi} of points Ω no two of which lie
together in a single connected subset of Ω having diameter less than 3ǫ. By compactness of Ω,
we may assume that lim
i→∞
xi = x. The way we choose the points xi then implies that x ∈ ∂Ω.
In the following, let Dr(z) = {w ∈ C : |z − w| < r} for r > 0.
Given a number r ∈ (0, ǫ), there exists an integer i0 ≥ 1 such that xi ∈ Dr(x) for all i ≥ i0.
Fix a point x0 ∈ Ω with |x − x0| > ǫ and choose arcs αi ⊂ Ω starting from x0 and ending at
xi. Now for any i ≥ i0 let ai ∈ αi be the last point at which αi leaves ∂Dǫ(x); let bi ∈ αi be
the first point after ai at which αi encounters ∂Dr(x). Let βi be the sub-arc of αi between
ai and bi. Let γi be the sub-arc of αi between bi and xi. Since no two of the points {xi}
∂Dǫ(x)
∂Dr(x)
xx0
xi
ai
bi
βi
Figure 2: The points xi, ai, bi and the arc βi, with the two circles ∂Dǫ(x) and ∂Dr(x).
are contained by a single connected subset of Ω that is of diameter less than 3ǫ, we see that
all those arcs {βi : i ≥ i0} are disjoint. Moreover, we can further infer that no two of them
may be contained in the same component of A \ ∂Ω, where A denotes the closed annulus with
boundary circles ∂Dr(x) and ∂Dǫ(x). Indeed, if this happens for βi, βj with k 6= j ≥ i0 then
βk ∪ βj lies in a component P of A \ ∂Ω, which is necessarily a subset of Ω. In such a case the
union γk ∪ βk ∪ P ∪ βj ∪ γj would be a connected subset of Ω that contains xk, xj both and is
of diameter < 2ǫ. This is prohibited, by the choices of {xi}.
Therefore, if we denote by Pi(i ≥ i0) the component of A \ ∂Ω that contains βi then
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Pi ∩ Pj = ∅ for all i 6= j ≥ i0, indicating that A \ ∂Ω has infinitely many components that
intersect the two circles ∂Dr(x) and ∂Dǫ(x) both. By [21, Definition 4], we see that the
Schönflies relation on ∂Ω is not trivial. Thus, by [21, Theorem 7] we can infer that ∂Ω is not
a Peano compactum. This is absurd, since we assume ∂Ω to be a Peano compactum.
3.2 Theory of Cluster Sets for Generalized Jordan Domains
In this subsection we recall from [8] some elements of cluster sets and characterize generalized
Jordan domains as those that are simply connected at the boundary.
For the sake of convenience, we will focus on continuous maps h defined on generalized
Jordan domains U ⊂ Cˆ. Since a Jordan curve separates Cˆ into two domains, we see that ∂U
contains at most countably many components that are Jordan curves. Denote these boundary
components of U as {Γn}. Moreover, denote by Wn the components of Cˆ \ Γn that is disjoint
from U . Here we are mostly interested in the case when U is a circle domain and when h is
conformal.
Given a continuous map h : U → V ⊂ Cˆ. The cluster set C(h, z0) for z0 ∈ ∂U is defined as
⋂
r>0
h(Dr(z0) ∩ U),
where Dr(z0) = {z : |z − z0| < r}. This is a nonempty compact set, since these closures
h (Dr(z0) ∩ U) with r > 0 are considered as subsets of Cˆ. In the following, we will obtain the
connectivity of all of them, by showing that every neighborhood of an arbitrary point x ∈ ∂U
contains a smaller neighborhood Nx (in Cˆ) with Nx∩U connected. A domain with this property
will be said to be simply connected at the boundary. This is a special sub-case for the
property of being finitely connected at the boundary.
Theorem 3.5. Each generalized Jordan domain is simply connected at the boundary. Con-
sequently, if h : U → Cˆ is a continuous map every cluster set C(h, z0) with z0 ∈ ∂U is a
continuum. In particular, if h is a homeomorphism its cluster sets are sub-continua of ∂h(U).
Proof. We need Zoretti Theorem [32, p.35,Corollary 3.11], which reads as follows.
Theorem (Zoretti Theorem). If K is a component of a compact set M (in the plane) and ǫ
is any positive number, then there exists a simple closed curve J which encloses K and is such
13
that J ∩M = ∅, and every point of J is at a distance less than ǫ from some point of K.
By Zoretti Theorem, We only consider the case that z0 lies on a non-degenerate boundary
component Γp for some p ≥ 1, which is a Jordan curve. By the well known Schönflies Theorem
[23, p.72,Theorem 4], we may assume that Γp = {|z| = 1} and U ⊂ D∗ := {|z| > 1} ⊂ Cˆ.
Given an open subset V0 of Cˆ that contains z0, we may fix a closed geometric disk D on
Cˆ that is centered at z0 and is such that (D ∩ U) ⊂ V0. Denote by ρ the distance between D
and Cˆ \ V0. Since U has property S, we may find finitely many regions that are of diameter
less than ρ, say Mn(1 ≤ n ≤ N), so that
⋃
nMn = U and that every Mn has property S. See
for instance [31, p.21, Theorem (15.41)].
Let W be the union of all those Mn with z0 ∈ Mn. Renaming the regions Mn, we may
assume that z0 ∈Mn if and only if 1 ≤ n ≤ N0 for some integer N0 < N .
Using Zoretti Theorem repeatedly, we may choose a sequence of Jordan curves γk ⊂ U
that converge to Γp under Hausdorff distance. Fix a point zk ∈ γk that is not contained in D,
so that z∞ = lim
k→∞
zk ∈ Γp. Assume that every γk is parameterized as gk : [0, 1] → U , with
gk(0) = gk(1) = xk, so that gk(t) traverses along γk counter clockwise as t runs through [0, 1].
Fix a point w0 ∈ U that lies in D∗ ∩ ∂D, an open arc that is separated by w0 into two open
arcs, say a and b. Going to an appropriate sub-sequence, if necessary, we may assume that
every γk separates w0 from z0 thus intersects both a and b. Let xk ∈ γk be the last point at
which γk leaves a. Let yk ∈ γk be the first point, after xk, that lies on b. Denote by αk the
sub-arc of γk lying in D that connects xk to yk. Then αk converges to the arc D ∩ Γp under
Hausdorff distance.
Now, let Wk be the union of all these Mn(1 ≤ n ≤ N) that intersects αk. Then Wk is
connected hence is a region, that contains the whole arc αk. Since there are finitely many
choices for the regions Mn, we can find an infinite subsequence, say {ki : i ≥ 1}, such that
these regions Wki coincide with each other.
We claim that each of these regions Wki contains W . With this we see that for any open
disk Dr(z0) ⊂ D with r small enough (say, smaller than the distance from z0 to U \W ), the
union V1 =Wk1 ∪Dr(z0) is an open subset of Cˆ we are searching for. This V1 contains z0, lies
in V0, and is such that V1 ∩ U is connected.
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To verify the above mentioned claim, we connect z0 to a point wn ∈ Mn by an open arc
βn ⊂Mn for 1 ≤ n ≤ N0. Since lim
k→∞
αk = D ∩Γp under Hasudorff distance and since z0 is the
center of D, we see that βn and hence Mn intersects αki for infinitely many i. From this we
can obtain Mn ⊂Wk1 for 1 ≤ n ≤ N0, indicating that W ⊂Wki for all ki.
In [25, Proposition 3.5], Ntalampekos and Younsi obtain the result of Theorem 3.5, assuming
in addition that f be a homeomorphism of a generalized Jordan domain D onto another planar
domain. In Theorem 3.5, we only require that f be a continuous map and the codomain may
not be the complex plane or the extended complex plane. Our arguments are more direct
and the whole proof is shorter. Moreover, we do not use Moore’s decomposition theorem [24];
actually we can not refer to this famous theorem, since h may send D into an arbitrary space.
We refer to [25, Theorem 3.6] and [25, Lemma 3.7] for details concerning the roles that Moore’s
decomposition theorem plays in the proof for [25, Proposition 3.5].
There is another merit of Theorem 3.5 that is noteworthy, if one wants to characterize all
planar domains that are simply connected at the boundary. By Theorem 3.5, a generalized
Jordan domain is such a region. On the other hand, Theorem 3 ensures that a region simply
connected at the boundary necessarily has property S. For such a region U , all of its boundary
components are Peano continua. Moreover, the assumption of simple connectedness at the
boundary implies that none of them has a cut point. This means that the region U is necessarily
a generalized Jordan domain.
From this we can infer a nontrivial criterion for generalized Jordan domain, in terms of
simple connectedness at the boundary. This provides another justification for the introduction
of generalized Jordan domain as a new term.
Theorem 3.6. A planar domain is simply connected at the boundary if and only if it is a
generalized Jordan domain.
3.3 A Topological Counterpart for Generalized Continuity Theorem
This subsection proves Theorem 1, a topological counterpart for Theorems 4 and 5.
To begin with, let us recall a recent result by He and Schramm: each countably connected
domain Ω ⊂ Cˆ is conformally homeomorphic to a circle domain D, unique up to Möbius
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equivalence [12, Theorem 0.1]. Slightly later, they even prove that any domain Ω ⊂ Cˆ is
conformally equivalent to some circle domain (1) if ∂Ω has at most countably many components
that are not geometric circles or single points and (2) if the collection of those components has
a countable closure in the space formed by all the components of ∂Ω [14, 15]. However, Koebe’s
conjecture is still open if ∂Ω has a complicated part like a cantor set of segments. Therefore,
we may focus on domains Ω such that the boundary ∂Ω is “simple” in some sense, say from a
topological point of view.
In other words, we would like to limit our discussions to the case when ∂Ω does not possess
a difficult topology. To this end, we examine the necessary conditions for ϕ : D → Ω to
have a continuous extension to the closure D. At this point, we even do not assume the
homeomorphism ϕ : D → Ω to be conformal.
Theorem 3.7. If a homeomorphism ϕ : D → Ω of a generalized Jordan domain D admits a
continuous extension to D then ∂Ω is a Peano compactum and lim inf
r→0
σr(z0) = 0 for z0 ∈ ∂D.
Here σr(z0) = sup
D∩Cr(z0)
|ϕ(z1) − ϕ(z2)|, with Cr(z0) = {z : |z − z0| = r}. This quantity is
often called the oscillation of ϕ on Cr(z0)∩D. Clearly, the uniform continuity of ϕ : D → Ω
indicates that lim inf
r→0
σr(z0) = 0 for all z0 ∈ ∂D. So the only thing to be verified is that the
boundary ∂Ω is a Peano compactum.
Proof for Theorem 3.7. Assume that ϕ has a continuous extension ϕ : D → Ω. Since D
is a generalized Jordan domain, it has Property S. Then the uniform continuity of ϕ ensures
that Ω also has Property S, which then indicates that ∂Ω is a Peano compactum.
The “only if” part of Theorem 1 is given in Theorem 3.7. Before we continue to prove the
“if” part, we want to mention some basic observations that are noteworthy. Firstly, the union
of finitely many Peano continua is a Peano compactum. Secondly, if ϕ is conformal then we
always have lim inf
r→0
σr(z0) = 0 provided that the following are satisfied:
(i) D has finitely many boundary components and each of them is locally connected,
(ii) ϕ : D → Ω is a conformal homeomorphism.
Therefore, Theorem 1 includes a simple case that extends the Continuity Theorem to the
case of finitely connected circle domains D. Finally, the proof for [2, Theorem 1] already
16
contains the necessary elements that will lead us to the result of Theorem 1, which includes
Arsove’s theorem [2, Theorem 1] as a special subcase. In order to provide a self-contained
argument and to make concrete clarifications, that become necessary when we involve infinitely
connected domains, we also provide a proof for Theorem 1 that comes from a slight modification
of Arsove’s proof for [2, Theorem 1]. Exactly the same argument is used in [1, Lemma 2] which,
as well as that used in [2, Theorem 1], employs the property of being locally sequentially
connected. Here we follow the same line of arguments, as those adopted in [2, Theorem 1].
The only difference is that we use Property S, instead of the property of being locally
sequentially accessible.
Proof for Theorem 1. Let ϕ be a homeomorphism of a generalized Jordan domain D onto
a domain Ω ⊂ Cˆ. Suppose that lim inf
r→0
σr(z0) = 0 for all z0 ∈ ∂D and that ∂Ω is a Peano
compactum. It will suffice if we can show that each cluster set C(ϕ, z0) is a singleton.
Suppose on the contrary that the cluster set C(ϕ, z0) at z0 ∈ ∂D contains two points,
say w1 6= w2. Then we can find an infinite sequence zn → z0 of distinct points satisfying
ϕ (z2n−1)→ w1 and ϕ (z2n)→ w2.
Since ∂Ω is a Peano compactum, by Theorem 3.2 we see that Ω has Property S. That is to
say, for any number ε > 0 we can find finitely many connected subsets of Ω, say N1, . . . , Nk,
satisfying
⋃
i
Ni = Ω and max
1≤i≤k
diam(Ni) < ε.
Choose a positive number ε < 13 |w1 − w2|. Then, there exist two of those connected sets
Ni, say N1 and N2, such that
(1) N1 contains infinitely many points in {ϕ (z2n−1)},
(2) N2 contains infinitely many points in {ϕ (z2n)}.
Since zn → z0 and since lim inf
r→0
σr(z0) = 0, we can further choose a small enough number
r > 0 such that σr(z0) < ε and that the intersections N1 ∩{ϕ (z2n−1)} and N2 ∩{ϕ (z2n)} each
contains at least one point outside ϕ(Dr(z0) ∩D) and at least one point inside. Therefore, we
have Ni ∩ ϕ(Cr(z0)) 6= ∅ for i = 1, 2.
Let M be the union of {w1} ∪ N1, ϕ(Cr(z0)), and {w2} ∪ N2. As σr(z0) is defined to be
the diameter of ϕ(Cr(z0)), we have |w1 − w2| ≤ diam(M) < 3ε. This is absurd, since we have
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chosen ε < 13 |w1 −w2|.
3.4 A Topological Counterpart for Generalized OTC Theorem
This subsection proves Theorem 2.
To this end, we firstly investigate into the boundary behaviour of an arbitrary homeo-
morphism ϕ : D → Ω of a generalized Jordan domain D, which has a continuous extension
ϕ : D → Ω to the whole closure D. Here we recall that a generalized Jordan domain is a planar
domain that satisfies the following two properties:
(a) ∂U is a Peano compactum,
(b) each component of ∂U is either a point or a Jordan curve.
We have the following result, from which the “if” part of Theorem 2 is easily inferred.
Theorem 3.8. The restriction map ϕQ : Q → P = ϕ(Q) to any component Q of ∂D is non-
alternating. Moreover, the whole extension ϕ : D → Ω is a monotone map if and only if Ω is
also a generalized Jordan domain.
Remark 3.9. Under the assumption in Theorem 3.8, the boundary ∂Ω is a Peano compactum.
Therefore, by Torhorst Theorem [20, p.512, §61, II, Theorem 4], we can infer that Ω is a
generalized Jordan domain if and only if no component of its boundary ∂Ω has a cut point.
Therefore, the “only if” part is indicated by Theorem 3.7. Together with the above Theorem
3.8, we have provided a complete proof for Theorem 2.
Proof for Theorem 3.8. We firstly obtain the first half of the above theorem, showing that
ϕ|Q is non-alternating for any component Q of ∂D.
Recall that a continuous map f : A→ B is called a non-alternating transformation provided
that for no two points x, y ∈ B does there exist a separation A\f−1(x) = A1∪A2 such that y lies
in f(A1) ∩ f(A2) [31, p.127, (4.2)]. From this one can infer that f : A→ B is non-alternating
if and only if f(A1) ∩ f(A2) = ∅ for any x ∈ B and for any separation A \ f−1(x) = A1 ∪A2.
By Zoretti Theorem, the image P = ϕ(Q) is a component of ∂Ω. By definition of non-
alternating transformation, we only need to show that ϕ(A1) ∩ ϕ(A2) = ∅ for any x ∈ P and
for any separation Q \ (ϕ)−1(x) = A1 ∪A2.
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Assume on the contrary that there were a point x ∈ P and a separation Q \ (ϕ)−1(x) =
A1 ∪A2 such that ϕ(z1) = ϕ(z2) for zi ∈ Ai(i = 1, 2). Set x′ = ϕ(z1) = ϕ(z2).
Since D is a generalized Jordan domain, the component Q of ∂D must be a simple closed
curve. Thus the point inverse (ϕ)−1(x) contains two points y1 6= y2 such that {y1, y2} separates
z1 from z2 in Q. Since D has property S, all boundary points of D are accessible from D. Thus
we can find an open arc α ⊂ D that connects y1 to y2. From this we see that Q∪α is a θ-curve
and that D \ α consists of two domains. Let Ui(i = 1, 2) be the one whose boundary contains
zi. Clearly, J = ϕ(α) ∪ {x} is a Jordan curve and Ω \ J = ϕ(U1) ∪ ϕ(U2). See the left part of
Figure 3, for relative locations of the arc α, the domains Ui and the points yi, zi. Now, fix an
α
y1
y2
z2z1
U1
U2
α
β
β1
β3
β2
y1
y2
z2z1
b1
b2
Figure 3: Relative locations of the domains Ui, the sub-arcs βi, and the points yi, zi, bi.
arc β ⊂ D that connects z1 to z2 and denote by βi ⊂ (Ui ∩ β) the maximal open sub-arc of β
that has zi as one of its ends. Denote by bi the other end point of βi for i = 1, 2. Obviously,
we have b1, b2 ∈ α. Let β3 be the closed sub-arc of α with ends b1, b2. Then we have an arc
β′ = β1 ∪ β2 ∪ β3, lying in D and intersecting α at β3. See right part of Figure 3.
Since ϕ : D → Ω is a homeomorphism, we know that ϕ(β′) = ϕ(β1) ∪ ϕ(β2) ∪ ϕ(β3) is
an arc contained in Ω such that (1) ϕ(β′) ∩ ϕ(α) = ϕ(β3) and (2) ϕ(βi) ⊂ ϕ(Ui) for i = 1, 2.
Since the simple closed curve J = {x} ∪ ϕ(α) does not contain the point x′ = ϕ(z1) = ϕ(z2)
and since each of ϕ(βi) has x′ as one of its ends, we can infer that ϕ(β1) and ϕ(β2) are both
contained in a single component of Cˆ \ J , thus are both contained in a single component of
Ω \ J , which is either ϕ(U1) or ϕ(U2). This is absurd, since we have chosen βi ⊂ Ui(i = 1, 2)
so that ϕ(βi) ⊂ ϕ(Ui).
Then we go on to consider the latter half of Theorem 3.8. Since the“only if" part of
which is obvious, we just discuss the “if” part. To this end, we recall that a special type
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of non-alternating maps come from the family of monotone maps. If we confine ourselves to
continuous maps between compacta then, under a monotone map f : X → Y , the pre-image
of any point y ⊂ Y is a sub-continuum of X. Therefore, if P is a component of ∂Ω with
ϕB(Q) = P and if P is a single point or is a Jordan curve then it has no cut point and hence
the inverse ϕ−1(x) for any x ∈ P is a sub-continuum of Q. This means that the restriction ϕ|Q
is monotone. Therefore, the whole extension ϕ is monotone provided that Ω is a generalized
Jordan domain, too.
4 On Domains Ω ⊂ Cˆ Whose Boundary is a Peano Compactum
In this section we will provide a complete proof for Theorem 3. Namely, we shall prove that
the following six conditions are equivalent for all domains Ω ⊂ Cˆ:
(1) ∂Ω is a Peano compactum.
(2) Ω has property S.
(3) All points of ∂Ω are locally accessible.
(4) All points of ∂Ω are locally sequentially accessible.
(5) Ω is finitely connected at the boundary.
(6) The completion Ωd of the metric space (Ω, d) is compact.
Our arguments will center around two groups of implications: (1) ⇔ (2) ⇔ (5) ⇔ (6) and
(2) ⇒ (3) ⇒ (1) ⇒ (4) ⇒ (1). The equivalence (5) ⇔ (6) has been given in [3, Theorem 1.1].
The equivalence (1)⇔ (2) is obtained by Theorem 3.2 in the previous section. The equivalence
(1)⇔ (5) is to be established in Theorem 4.1. The implication (2)⇒ (3) is already known [31,
p.111, (a)] and the implications (3)⇒ (1)⇒ (4)⇒ (1) will be discussed in Theorem 4.2.
There are three issues we want to mention. Firstly, the notion of local accessibility
coincides with that of regular accessibility in [31, p.112, Theorem (4.2)]. Here a point
x ∈ ∂Ω is locally accessible from Ω if for any ǫ > 0 there is a number δ > 0 such that all points
z ∈ Ω with |z−x| < δ may be connected to x by a simple arc inside Ω∪{x}, whose diameter is
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smaller than ǫ. Secondly, a point ξ ∈ ∂Ω is called locally sequentially accessible if for each
r > 0 and for each sequence {ξn} of points in Ω that converge to ξ the common part Ω∩Dr(ξ),
of Ω and the open disk Dr(ξ) centered at ξ with radius r, is an open set such that one of its
components contains infinitely many ξn. Lastly, a domain Ω ⊂ Cˆ is finitely connected at
the boundary point x ∈ ∂Ω provided that for any number r > 0 there is an open subset
Ux of Cˆ, lying in Dr(x), such that Ux ∩ Ω has finitely many components. In particular, if we
further require that Ux ∩ Ω be connected, we say that Ω is simply connected at x. If Ω is
finitely connected at every of its boundary points, we say that Ω is finitely connected at the
boundary. Similarly, if Ω is simply connected at every of its boundary points, we say that Ω
is simply connected at the boundary. See Theorem 3.6 for a nontrivial characterization
generalized Jordan domain, as planar domains that are simply connected at the boundary.
Theorem 4.1. Ω has property S if and only if it is finitely connected at the boundary.
Proof. Suppose that Ω is finitely connected at the boundary. Given an arbitrary number r > 0,
we can find for any x ∈ ∂Ω an open set Gx ⊂ {z : |z − x| <
r
2} such that Gx ∩ Ω has finitely
many components [3, Definition 2.2]. Clearly, the collection {Gx : x ∈ ∂Ω} gives an open cover
of the boundary ∂Ω. So we can find a finite sub-cover of ∂Ω, denoted as {G1, . . . , Gn}. Since
Ω \ (
⋃
Gi) is a compact subset of Ω, we can cover it with finitely many small disks contained
in Ω, with radius < r2 . For 1 ≤ i ≤ n the intersection Gi ∩ Ω has finitely many components.
These components and the above-mentioned small disks, that cover Ω \ (
⋃
Gi), form a finite
cover of Ω by sub-domains of Ω having a diameter < r. This shows that Ω has property S.
On the other hand, assuming that Ω has property S. Given an arbitrary point x ∈ ∂Ω and
any positive number r, we can cover Ω by finitely many domainsW1, . . . ,WN ⊂ Ω of arbitrarily
small diameter, say ε ∈ (0, r3 ). Denote by Ux the union of all those Wi whose closure contains
x and by Ex the union of all those Wi whose closure does not contain x. Then Ex is a compact
set, whose distance to x is a positive number rx > 0. Let
Gx = Ux ∪ {x} ∪
{
z /∈ Ω : |z − x| < min
{
r
3
, rx
}}
.
Then Gx ⊂
{
z : |z − x| < r2
}
is an open set with Gx ∩ Ω = Ux, which is the union of some
of the domains W1, . . . ,WN and hence has finitely many components. This verifies that Ω is
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finitely connected at x. Since x and r > 0 are both flexible we see that Ω is finitely connected
at the whole boundary.
Theorem 4.2. The implications (3)⇒ (1)⇒ (4)⇒ (1) hold. Thus Theorem 3 is true.
Proof. Without losing generality, we may assume that ∞ ∈ Ω. Under this context ∂Ω may be
considered as a compactum on C.
Let us start from the implications (3) ⇒ (1) and (4) ⇒ (1), which will be obtained by a
contrapositive proof.
Suppose on the contrary that ∂Ω were not a Peano compactum. Then it would not satisfy
the Schönflies condition [21, Theorem 3]. In other words, there would exist an unbounded
closed strip W , whose boundary consists of two parallel lines L1 6= L2, such that W ∩ ∂Ω has
infinitely many components, say Wn for n ≥ 1, each of which intersects both L1 and L2. See
for instance [21, Lemma 3.8]. Let L be the line parallel to L1 with
dist(L,L1) = dist(L,L2).
Then L intersects Wn for all n ≥ 1. Pick an infinite sequence of points zn ∈ (Wn ∩ L) which
converge to a limit point z0 ∈ ∂Ω. Pick a point ξn ∈ Ω such that lim
n→∞ |ξn − zn| = 0.
Clearly, for infinitely many choices of n ≥ 1, no arc connecting ξn to z0 is disjoint from
L1 ∪ L2. Thus z0 is not locally accessible from Ω. This verifies the implication (3) ⇒ (1). On
the other hand, if we fix a neighborhood V0 of z0, which entirely lies in the interior of W , then
there are infinitely many ξn that belong to distinct components of V0 ∩Ω. This indicates that
z0 is not locally sequentially accessible from Ω and verifies the implication (4)⇒ (1).
The rest of our proof is to verify the implication (1) ⇒ (4). And we will follow the ideas
used in the proof for [1, Lemma 1]. Indeed, if we suppose on the contrary that some point
z0 ∈ ∂Ω were not locally sequentially accessible from Ω, then for some ρ > 0 there would exist
infinitely many components of Ω ∩ Dρ(z0), with Dρ(z0) = {z : |z − z0| ≤ ρ}, that intersect
the smaller disk Dρ/2(z0). Denote these components by Qn(n ≥ 1). Since each Qn intersects
Cρ(z0) = {z : |z − z0| = ρ} and since each of them is path connected, we can find paths
γn ⊂ Qn, lying in Aρ(z0) = {z :
ρ
2 ≤ |z − z0| ≤ ρ}, that connects a point on Cρ(z0) to a point
on Cρ/2(z0). Let Pn be the component of Qn ∩ Aρ(z0) that contains γn. Clearly, all these
22
Pn(n ≥ 1) are each a component of Ω∩Aρ(z0). From this we may conclude that the Schönflies
relation R∂Ω contains a pair (z1, z2) for some z1 ∈ Cρ(z0) and some z2 ∈ Cρ/2(z0). See [21,
Lemma 3.8] and [21, Remark 3.9] for this conclusion. Thus ∂Ω is not a Peano compactum,
since a compact K ⊂ Cˆ is a Peano compactum if and only if RK is a trivial relation.
5 To Generalize Continuity Theorem — the first approach
Our target of this section is to give a complete proof for Theorem 4.
Since Theorem 1 provides the “only if” part, we just discuss the “if” part. And the only
problem is that, for domains Ω ⊂ Cˆ whose boundary ∂Ω is a Peano compactum having count-
ably many non-degenerate components {Pn}∞n=1, it is not known whether lim inf
r→0
σr(z0) = 0
holds for all z0 ∈ ∂D. We will obtain the following special case for Theorem 4.
Theorem 5.1. Given a circle domain D and a conformal homeomorphism ϕ : D → Ω, where
the boundary ∂Ω has countably many non-degenerate components {Pn} with
∑
n
diam(Pn) <∞
and all its point components form a set of zero linear measure. If ∂Ω is a Peano compactum
then ϕ has a continuous extension to D.
Theorem 5.1 is benefited from ideas used in the main theorem of [1], which reads as follows.
Theorem (Arsove’s Theorem). Each of the following is necessary and sufficient for a
bounded simply connected plane region Ω to have its boundary parametrizable as a closed curve
(equivalently, being a Peano continuum):
(1) all points of ∂Ω are locally accessible,
(2) all points of ∂Ω are locally sequentially accessible,
(3) some (equivalently, any) Riemann mapping function ϕ : D→ Ω for Ω can be extended to
a continuous mapping of D onto Ω.
Here we use Property S instead of the property of being locally sequentially accessible. As
in earlier works, such as [1, 2], we also need to estimate from above the oscillations of the
homeomorphism ϕ : D → Ω. To do that, we assume in addition some control on the diameters
of the non-degenerate components of ∂Ω. On the other hand, we also need to deal with the
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point components of ∂Ω, by assuming that they form a set that is small in terms of linear
measure.
In order to prove Theorem 5.1, we only need to obtain the following Theorem 5.2.
Our proof for Theorem 5.2 uses a bijection between the boundary components of D and
those of Ω. This bijection associates to any component Q of ∂D a component P of ∂Ω, which
actually consists of all the cluster sets C(ϕ, z0) with z0 ∈ Q. In deed, by Zoretti Theorem,
we can choose inductively an infinite sequence of simple closed curves Γn ⊂ D such that for all
n ≥ 1 we have: (1) every point of Γn is at a distance less than
1
n from a point of Q; and (2)
Γn+1 separates Q from Γn. Let Un be the component of Cˆ\ϕ(Γn) that contains ϕ(Γn+1). Then
{Un} is a decreasing sequence of Jordan domains with Un+1 ⊂ Un for all n ≥ 1. Therefore, we
know that M = ∩nUn = ∩nUn is a sub-continuum of Cˆ \ U , whose complement is connected.
Consequently, P = ∂M is a sub-continuum of ∂Ω and is a component of ∂Ω, which consists of
all the cluster sets C(ϕ, z0) with z0 ∈ D.
Following He and Schramm [12], we set ϕB(Q) = P . This gives a well defined bijection
between boundary components of D and those of Ω. We can infer Theorem 5.1 by combining
Theorem 1 and the theorem below, in which we do not require that ∂Ω be a Peano compactum.
The only assumptions are about the diameters of Pn and about the linear measure of the
difference ∂Ω \ (
⋃
n Pn), the set consisting of all the point components of ∂Ω. Therefore, the
result we obtain here is just the oscillation convergence lim inf
r→0
σr(z0) = 0 for all z0 ∈ ∂Qn,
without mentioning the cluster sets C(ϕ, z0) for z0 ∈ ∂Qn.
Theorem 5.2. Given a circle domain D and a conformal homeomorphism ϕ : D → Ω, where
the boundary ∂Ω has countably many non-degenerate components {Pn} and all its point com-
ponents form a set of zero linear measure. Let Qn be the component of ∂D with ϕ
B(Qn) = Pn
for all n ≥ 1. If there exists an open set Un ⊃ Pn satisfying
∑
Pk⊂Un
diam(Pk) < ∞ we have
lim inf
r→0
σr(z0) = 0 for all z0 ∈ ∂Qn.
Remark 5.3. Let Λr(z0) be the arc length of ϕ(Cr(z0) ∩D), with Cr(z0) = {|z − z0| = r}.
Then we have inf
ρ<r<
√
ρ
Λr(z0) ≤
2πR√
log 1/ρ
for 0 < ρ < 1. This result is often referred to as
Wolff’s Lemma. See [27, p.20, Proposition 2.2] for instance. Therefore, lim inf
r→0
Λr(z0) = 0.
This is however different from what we need to verify, which is lim inf
r→0
σr(z0) = 0; since the
24
oscillation σr(z0) is defined to be the diameter of ϕ(Cr(z0) ∩D).
Proof for Theorem 5.2. Let {ki : i ≥ 1} be the collection of all those integers ki with
Pki ⊂ Un, arranged so that k1 < k2 < · · · . Recall that Qki denotes the component of ∂D with
Pki = ϕ
B (Qki).
Given a point z0 ∈ ∂Qn and an arbitrary number ǫ > 0, we shall find a positive number
r < ǫ such that σr(z0) < ǫ, which then completes our proof.
To this end, we firstly fix a point w0 ∈ Ω and then use Zoretti Theorem to find a simple
closed curve Γi for each Pki such that Γi separates w0 from Pki and that every point of Γki
is at a distance less than 2−iǫ from some point of Pki . Clearly, we have
∑
i
diam(Γi) <∞.
For i ≥ 1, let W ∗i denote the component of Cˆ \ Γi that contains Pki ; moreover, let Wi denote
the component of Cˆ \ ϕ−1(Γi) that contains Qki .
Then, fixing an integer N ≥ 1 with
∞∑
i=N+1
diam(Γi) <
1
2
ǫ, we continue to choose r > 0
small enough, with ϕ (Cr(z0) ∩D) ⊂ Un, such that Cr(z0)\Qn intersects none of the boundary
components Qk1, . . . , QkN of D. By Wollf’s Lemma, we have lim infr→0
Λr(z0) = 0. Thus we may
further require that the above number r is chosen so that Λr(z0) <
1
4ǫ.
Lemma 5.4. Let Fr consist of all the points q in Cr(z0) ∩ ∂D such that {q} is a component
of ∂D. Let F ∗r consist of all the points q
∗ ∈ ∂Ω such that {q∗} = ϕB(Q) for some component
Q of ∂D that intersects Cr(z0) ∩ ∂D. Then the linear measure of F ∗r is zero. Therefore, for
the above ǫ > 0, we can find a countable cover of F ∗r by open sets of diameter smaller than any
constant δ > 0, say {V ∗k : k ≥ 1}, such that
∑
j diam (V
∗
k ) <
1
4ǫ.
Since ∂Ω has at most countably many non-degenerate components and since its point
components form a set of zero linear measure, the result of this lemma is immediate.
Now, by flexibility of ǫ > 0, we see that the following lemma completes our proof.
Lemma 5.5. For the above mentioned r, the inequality |ϕ(z1)− ϕ(z2)| < ǫ holds for any fixed
points z1 6= z2 lying on Cr(z0) ∩D.
To prove this lemma, we may consider the closed sub-arc of Cr(z0) \ Qn from z1 to z2.
Denote this arc as α. Clearly, it is a compact set disjoint from each of Qn, Qk1, . . . , QkN .
Moreover, denote by Mα the union of ϕ(α∩D) with all the boundary components ϕB(Q) of Ω
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with Q running through the boundary components of D that intersect α. Then, we only need
to verify that the diameter of Mα is less than ǫ.
Let us now consider the components Q of ∂D, with Q ∩ α 6= ∅, such that ϕB(Q) ⊂ Un is
a non-degenerate component of ∂Ω. These components may be denoted as Qj for j belonging
to an index set J ⊂ {k1 < k2 < · · · }. Clearly, we have J ⊂ {ki : i ≥ N + 1}.
Let {V ∗k : k ∈ K} be the cover of F
∗
r given in Lemma 5.4, so that
∑
k diam(V
∗
k ) <
1
4ǫ. Since
all these sets V ∗k are open in Cˆ, we can choose for each point w ∈ F
∗
r a Jordan curve Jw ⊂ Ω
that lies in some V ∗k and separates w0 from the point component {w} of ∂Ω. Let V
∗
w be the
component of Cˆ \ Jw that contains w. Let Vw be the component of Cˆ \ ϕ−1(Jw) that contains(
ϕB
)−1
({w}), which is the component of ∂D corresponding to {w} under ϕB .
On the other hand, the components of α ∩ D form a countable family {αt : t ∈ I}. All
these αt are open arcs or semi-closed arcs on the circle Cr(z0). In deed, exactly two of them
are semi-closed. Now it is easy to see that
{Wi : i ∈ J }
⋃
{Vw : w ∈ Fm}
⋃
{αt : t ∈ I}
is a cover of α. Since each αt is open in α, we may choose finite index sets J0 ⊂ J , F0 ⊂ Fm
and I0 ⊂ I, such that
{Wi : i ∈ J0}
⋃
{Vw : w ∈ F0}
⋃
{αt : t ∈ I0}
is a finite cover of α. This indicates that
{W ∗i : i ∈ J0}
⋃
{V ∗w : w ∈ F0}
⋃
{ϕ(αt) : t ∈ I0}
is a finite cover of Mα. Therefore, we can choose a finite subset K0 ⊂ Z such that
{W ∗i : i ∈ J0}
⋃
{V ∗k : k ∈ K0}
⋃
{ϕ(αt) : t ∈ I0}
is a finite cover ofMα, too. From this we can infer that, for the above mentioned points z1 6= z2
lying on Cr(z0) ∩D, the inequality
|ϕ(z1)− ϕ(z2)| <
∑
j∈J0
diam(Γj) +
∑
k
diam(V ∗k ) +
∑
t∈I0
diam(ϕ(αt)) <
1
2
ǫ+
1
4
ǫ+
1
4
ǫ = ǫ
always holds. By flexibility of z1, z2 ∈ α ∩D, this leads to the result of Lemma 5.5.
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Now we have all the ingredients to construct a proof for Theorem 4. To do that, we only
need to obtain the result given in Theorem 5.2 under a weaker assumption, saying that the
point components of ∂Ω forms a set of σ-finite linear measure. Note that, in Theorem 5.2, this
set is assumed to be of zero linear measure.
Theorem 5.6. Given a circle domain D and a conformal homeomorphism ϕ : D → Ω, where
the boundary ∂Ω has countably many non-degenerate components {Pn} and all its point compo-
nents form a set of σ-finite linear measure. Let Qn be the component of ∂D with ϕ
B(Qn) = Pn
for all n ≥ 1. If there exists an open set Un ⊃ Pn satisfying
∑
Pk⊂Un
diam(Pk) < ∞ we have
lim inf
r→0
σr(z0) = 0 for all z0 ∈ ∂Qn.
Proof for Theorem 5.6. We shall follow the same ideas in proving Theorem 5.2, except for a
couple of minor adjustments. The first one is to infer a slightly more general version of Wolff’s
lemma [27, p.20, Proposition 2.2].
Lemma 5.7 (Generalized Wolff’s lemma). Let ϕ map a domain D ⊂ C conformally into a
bounded domain DR(0). Let Cr(z0) = {|z−z0| = r} and Λr(z0) the arc length of ϕ(Cr(z0)∩D).
Then for any ǫ > 0 and any number ρ ∈ (0, 1), there exists N > 0 such that for all n > N , the
interval [ρ2
n+1
, ρ2
n
] has a subset En with positive measure such that sup
r∈En
Λr(z0) <
1
4
ǫ.
Denote l(r) = Λr(z0). Suppose on the contrary that there exists ǫ0 > 0 and an increasing
sequence {nk : k ≥ 1} of integers such that l(r) > ǫ0 for almost all r ∈ An = [ρ2
n+1
, ρ2
n
]. Then
a simple calculation would lead us to the following inequality
∫
Ank
l2(r)
dr
r
> ǫ20
∫
Ank
dr
r
= ǫ20 log
1
ρ2
nk
for all k ≥ 1. Thus we have
∫ ∞
0
l2(r)
dr
r
>
∑
k
∫
Ank
l2(r)
dr
r
=∞.
This is impossible, since Wolff’s lemma states that
∫ ∞
0
l2(r)
dr
r
6 2π2R2. Therefore, the
Generalized Wolff’s Lemma holds.
The second adjustment is needed when we prove the result of Lemma 5.4. The aim here is
to obtain a number r in the set En, as defined in the above Lemma 5.7, such that F ∗r has zero
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linear measure. Here we only assume that the point components of ∂Ω form a set of σ-finite
linear measure.
Lemma 5.8. Let Fr, F
∗
r be defined as in Lemma 5.4. The linear measure of F
∗
r is zero for all
but countably many of r ∈ En.
In this lemma, we only need to consider the case that the point components of ∂Ω form a
set of finite linear measure. Since {F ∗r : r ∈ En} are essentially pairwise disjoint Borel sets, in
the sense that every two of them has at most countably many common points, one can directly
infer the result of Lemma 5.8.
Now, we can copy the result and the proof for Lemma 5.5, and then infer Theorem 5.6.
Combining this with Theorem 1, we readily have Theorem 4.
The result of Theorem 5.2 still holds, if D is only required to be a generalized Jordan
domain. Actually, if U0 denotes the component of Cˆ \ Qn containing D then we can find a
homeomorphism H : Cˆ→ Cˆ, sending Qn onto the unit circle, such that H|U0 is conformal map
between U0 and {z ∈ Cˆ : |z| > 1}. In such a way, we see that all the arguments in the proof
for Theorem 5.2 still work.
Similarly, all the arguments in the proof for Theorem 5.6 are valid, even if the circle domain
D is changed into a generalized Jordan domain. Combining this observation with Theorem 1,
we can further extend the result of Theorem 5.1 and obtain the following.
Theorem 5.9. Let Ω1 be a generalized Jordan domain. Let ϕ : Ω1 → Ω2 be a conformal home-
omorphism, where the boundary ∂Ω2 has at most countably many non-degenerate components
{Pn} with
∑
n
diam(Pn) <∞ and all its point components form a set of σ-finite linear measure.
Then ϕ extends continuously to the closure Ω1 if and only if ∂Ω2 is a Peano compactum.
6 To Generalize Continuity Theorem — the second approach
Our target of this section is to prove Theorem 5.
Let us start from a result that can be inferred as a direct corollary of [13, Lemma 1.3],
which reads as follows.
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Lemma 6.1. Let Z ⊂ R2 be a Borel set of σ-finite linear measure, and let X ⊂ R be the
set of points x such that the section ({x} × R) ∩ Z is uncountable. Then X has zero Lebesgue
measure.
In the above lemma, we may consider R2 as the complex plane C, consisting of reiθ with
r > 0 and 0 ≤ θ < 2π. Then, we study the set R0 of numbers r > 0 such that the circle{
reiθ : 0 ≤ θ < 2π
}
intersects Z at uncountably many points. For any r2 > r1 > 0, we see that
the part of Z in the annulus {z ∈ C : r1 ≤ |z| ≤ r2} is sent onto the rectangle [r1, r2]× [0, 2π] by
the map reiθ 7→ (r, θ). If we define the distance between r1eiθ1 and r2eiθ2 to be |r1−r2|+|θ1−θ2|,
the previous map is actually bi-Lipschitz. Therefore, by Lemma 6.1, we have
Lemma 6.2. Given a domain D and a point z0 ∈ ∂D. Let R0 denote the set of all r > 0 such
that Cr(z0) = {z : |z − z0| = r} contains uncountably many point components of ∂D. If ∂D
has σ-finite linear measure then R0 has zero Lebesgue measure.
A combination of Theorem 1 with the following result will lead us to Theorem 5.
Theorem 6.3. Given a conformal homeomorphism ϕ : D → Ω of a circle domain D, where
∂D has σ-finite linear measure and ∂Ω has countably many non-degenerate components {Pn}.
Let Qn be the component of ∂D with ϕ
B(Qn) = Pn for all n ≥ 1. If there exists an open set
Un ⊃ Pn satisfying
∑
Pk⊂Un
diam(Pk) <∞ we have lim inf
r→0
σr(z0) = 0 for all z0 ∈ ∂Qn.
Remark 6.4. In Theorem 6.3, we do not require that ∂Ω be a Peano compactum. The only
assumptions are about the linear measure of ∂D and about the diameters of Pn. Therefore,
the result we obtain here is just the oscillation convergence lim inf
r→0
σr(z0) = 0 for all z0 ∈ ∂Q.
Again, we say nothing about the cluster sets C(ϕ, z0) for z0 ∈ ∂Q.
Proof for Theorem 6.3. For any r > 0 and z0 ∈ Q, let Cr(z0) = {|z − z0| = r}. By Lemma
6.2, the boundary components of D that intersect Cr(z0) forms a countable set for all r except
those lying in a set R0 of zero Lebesgue measure.
Let Λr(z0) be the arc length of ϕ(Cr(z0)∩D). After a slight modification of the proof for
Wolff’s Lemma in [27, p.20, Proposition 2.2], we can show that
inf
ρ<r<
√
ρ,r /∈R0
Λr(z0) ≤
2πR√
log 1/ρ
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holds for 0 < ρ < 1. Therefore, lim inf
r→0
Λr(z0) = 0 and we can choose for any ǫ > 0 a decreasing
sequence of numbers outside R0, say r1 > r2 > · · · > rm > · · · , such that lim
m→0
rm = 0 and
Λrm(z0) <
1
2ǫ for all m > 1.
The components of ∂D intersecting Crm(z0) \ Q for any given rm form a countable set.
Thus we denote them as {Qki , i = 1, 2, · · · }. We may assume that every Pki = ϕ
B(Qki) lies in
the open neighborhood Un of Pn = ϕB(Qn). This is possible by choosing a sufficiently small
r1. Moreover, we may rename ki, if necessary, so that we have k1 < k2 < · · · .
Fix a point w0 ∈ Ω and then use Zoretti Theorem to find a simple closed curve Γi for each
Pki such that Γi separates w0 from Pki and that every point of Γi is at a distance less
than 2−iǫ from some point of Pki . Clearly, we have
∑
i
diam(Γi) < ∞. For i ≥ 1, let W ∗i
denote the component of Cˆ \ Γi that contains Pki ; moreover, let Wi denote the component of
Cˆ\ϕ−1(Γi) that contains Qki . Here Qki is the boundary component of D with ϕ
B (Qki) = Pki .
Then, fixing an integer N ≥ 1 with
∞∑
i=N+1
diam(Γi) <
1
2
ǫ, we continue to choose a positive
number r ∈ {rm : m ≥ 1} that is small enough so that Cr(z0) \ Q intersects none of the
boundary components Qk1 , . . . , QkN of D. Moreover, if we let F
∗
r be defined as in Lemma 5.4,
then F ∗r is a countable set and hence we can find a countable open cover {V
∗
k } of F
∗
r such that
∑
k diam(V
∗
k ) <
ǫ
4 . Consequently, we can follow a similar but simpler argument, as used in
Lemma 5.5, and verify that for the above r, the inequality |ϕ(z1) − ϕ(z2)| < ǫ holds for any
fixed points z1 6= z2 lying on Cr(z0) ∩D. This shall complete our proof.
The above proof also works, even if the circle domain D in Theorem 6.3 is changed into a
generalized Jordan domain. Combining this observation with Theorem 1, we actually have the
following.
Theorem 6.5. Let Ω1 be a generalized Jordan domain. Let ϕ : Ω1 → Ω2 be a conformal
homeomorphism, where the boundary ∂Ω2 has at most countably many non-degenerate compo-
nents {Pn} with
∑
n
diam(Pn) <∞ while all the point components of ∂Ω1 form a set of σ-finite
linear measure. Then ϕ extends continuously to the closure Ω1 if and only if ∂Ω2 is a Peano
compactum.
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7 To Generalize Osgood-Taylor-Carathéodory Theorem
This section addresses on a new generalization of the OTC Theorem, as given in Theorem 6.
We firstly recall some earlier results of a similar nature, which focus on domains that are
not far from a circle domain in their metric structure. Then, we give a proof for Theorem 6.
Let us start from four earlier works of a very similar nature. The first comes from an extension
theorem by He and Schramm.
Theorem 7.1 ([12, Theorem 3.2]). Let Ω,Ω∗ be open connected sets in the Riemann sphere
and let f : Ω→ Ω∗ be a conformal homeomorphism between them. Let W be an open subset of
B(Ω), which is at most countable. Suppose that the boundary components of Ω corresponding
to elements of W are all circles and points and that the corresponding (under f) boundary
components of Ω∗ are also circles and points. Then f extends continuously to the boundary
components in W and extends to be a homeomorphism between
⋃
{K : K ∈ W} ∪ Ω and
⋃
{K∗ : K∗ ∈ fB(W )} ∪ Ω∗.
In the above theorem B(Ω) denotes the space of boundary components of Ω. As a direct
corollary we can obtain the following generalization of OTC Theorem.
Theorem 7.2 (OTC Theorem — Countably Connected Circle Domains). Every conformal
homeomorphism ϕ : D → Ω of a countably connected circle domain D onto a circle domain Ω
extends to be a homeomorphism between D and Ω.
In the second, the circle domain D is just required to have a boundary with σ-finite linear
measure. Therefore, it will include as a special case the above Theorem 7.2.
Theorem 7.3 ([13, Theorem 2.1]). Let D be a circle domain in Cˆ whose boundary has
σ-finite linear measure. Let Ω be another circle domain and let ϕ : D → Ω be a conformal
homeomorphism. Then ϕ extends to be a homeomorphism ϕ : D → Ω.
In the third one, the circle domain D is assumed to satisfy the so-called quasihyperbolic
condition while Ω is only required to be a domain whose complement consists of points and
a family of uniformly fat closed Jordan domains. Such a domain is just a cofat generalized
Jordan domain.
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Theorem 7.4 ([25, Theorem 6.1]). Let D be a circle domain with ∞ ∈ D and let h be
conformal map from D onto another domain Ω with ∞ = h(∞) ∈ Ω. Suppose that D satisfies
the quasihyperbolic condition and that the complementary components of Ω are uniformly fat
closed Jordan domains and points. Then h extends to be a homeomorphism from D onto Ω.
The last one may be inferred from [28, Theorem 6.2], in which D and Ω are both allowed
to be generalized Jordan domains that are cofat.
Theorem 7.5 (OTC Theorem —for Generalized Jordan Domains That Are Cofat). Let
ϕ : D → Ω be a conformal homeomorphism between generalized Jordan domains that are
countably connected and cofat. Suppose that for any component Q of ∂D the corresponding
component P = ϕB(Q) of ∂Ω is a singleton if and only if Q is a singleton. Then every
conformal homeomorphism ϕ : D → Ω of D onto Ω extends to be a homeomorphism between
D and Ω.
Theorem 6 is comparable with Theorem 7.5. There are two major differences. Firstly, we do
not require the domains D,Ω to be countably connected. Secondly, the property of being cofat
is replaced by two properties: (1) for one of them the point boundary components form a set of
σ-finite linear measure and (2) for both of them the diameters of the non-degenerate boundary
components have a finite sum. Therefore, Theorem 6 is an OTC Theorem for generalized
Jordan domains that may not be cofat. Its proof is given as below.
Proof for Theorem 6. If the point components of ∂Ω form a set of σ-finite linear measure
we apply Theorem 5.9 to the map ϕ : D → Ω and obtain a well-defined continuous extension
ϕ : D → Ω. Then, applying Theorem 6.5, we see that the inverse map ψ = ϕ−1 : Ω → D also
extends to be acontinuous map ψ : Ω→ D. Consequently, we can check that ϕ ◦ ψ = idΩ and
ψ ◦ ϕ = idD. This indicates that ϕ and ψ are both injective.
If the point components of ∂D form a set of σ-finite linear measure we apply Theorem 6.5
to the map ϕ : D → Ω and obtain a well-defined continuous extension ϕ : D → Ω. Then,
applying Theorem 5.9 to the inverse map ψ = ϕ−1 : Ω → D, we obtain another continuous
map ψ : Ω→ D that extends ψ. Similarly, we can infer that ϕ and ψ are both injective.
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8 Appendix: From Peano Continuum to Peano Compactum
Peano compactum is a generalization for Peano continuum. A glimpse at the definition will suffice to convince
us that such a generalization is natural. In this section we recall some recent studies in complex dynamics,
which aim to establish topological models for rational Julia sets and for general compact sets in the plane. The
development of these models will demonstrate how the notion of Peano compactum is connected with that of
Peano continuum.
The earliest model dates back to the 1980’s, when Thurston and Douady and their colleagues started
applying Carathéodory’s Continuity Theorem to the study of polynomial Julia sets, which are assumed to
be connected and locally connected.
For instance, let f be a polynomial of degree d ≥ 2 whose filled-in Julia set K is connected. The Fatou
component U∞ = Cˆ \ K is invariant under f , in the sense that f(U∞) ⊂ U∞. In such a case, the Böttcher
map ψ : U∞ → Cˆ is a conformal homeomorphism sending U∞ onto D
∗ =
{
z ∈ Cˆ : |z| > 1
}
. Moreover, we
have ψ ◦ f(w) = (ψ(w))2 for all w ∈ U∞. The following is a direct corollary of Carathéodory’s Continuity
Theorem.
Theorem 8.1. If the Julia set J = ∂K is locally connected the inverse map φ : D∗ → U∞ of ψ has a continuous
extension φ : D∗ → U∞ such that the following is a commutative diagram:
∂D∗ ∂D∗
J J
z 7→zd
φ φ
f
This improves our understanding of the topology of J and the dynamics of f restricted to J . In deed,
we may define an equivalence on S1 by requiring z1 ∼φ z2 if and only if φ(z1) = φ(z2). The equivalence ∼φ,
determined by φ : D → U∞, is closed. It has totally disconnected classes, whose convex hulls are pairwise
disjoint. Their convex hulls and the points x ∈ D that are not included in any of those convex hulls constitute
the classes of a closed equivalence on the closed unit disk D. This equivalence is determined by the filled Julia
set K and is denoted as ∼K . The same notions may be defined similarly, when the filled Julia set is replaced
by any full Peano continuum K ⊂ Cˆ [10]. Note that the quotient spaces, D/∼K and ∂D/∼φ, are respectively
homeomorphic with K and J = ∂K. In particular, the quotient D/∼K is often referred to as the pinched disc
(model) for K. See for instance [10, I.2].
The second model is given by Blokh and Curry and Oversteegen [4]. Let J be the connected Julia set of a
polynomial f of degree d ≥ 2. Let φ : D∗ → U∞ be the inverse of the Böttcher map defined on the domain of
attraction of ∞.
Theorem 8.2 (Locally Connected Model for Polynomial Julia Sets). The Julia set J has a finest upper
semi-continuous decomposition into sub-continua, denoted as DLCJ , such that the quotient is a Peano continuum
and that DLCJ refines every other such decomposition. Moreover, every element d of D
LC
J is sent by f onto
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another element, so that f˜(d) = f(d) is a continuous map that justifies the following commutative diagrams:
J J
DLCJ D
LC
J
f
piJ piJ
f˜
and
∂D∗ ∂D∗
DLCJ D
LC
J
z 7→zd
piφ piφ
f˜
Here piJ : J → D
LC
J is the natural projection and piφ a map that sends every z = e
2piθi to the unique element of
DLCJ containing the prime end impression at angle θ.
The above decomposition DLCK is exactly the core decomposition of K with respect to the property of
being a Peano continuum [11]. The resulted quotient space is called the finest locally connected model of J .
The same model also exists for any planar continua that is unshielded, in the sense that it lies on the boundary
of one of its complementary components. Moreover, the core decomposition DLCK of the filled Julia set K also
exists and contains DLCJ as a sub-collection. Here all the elements of D
LC
K that do not lie in D
LC
J are just the
singletons {x} with x ∈ K \ J .
In order to describe the topology of a polynomial Julia set that is disconnected, Blokh and Curry and
Oversteegen [5] introduced a finest finitely suslinian model for any unshielded compactum K ⊂ Cˆ. Such a
model coincides with the core decomposition of K with respect to the property of being finitely suslinian.
Here a compactum K is finitely suslinian provided that for any C > 0 there are at most finitely many pairwise
disjoint sub-continua of K of diameter greater than C. More precisely, they obtain the following.
Theorem 8.3 (Finitely Suslinian Model for Polynomial Julia Sets). The Julia set J of an arbitrary
polynomial f of degree d ≥ 2 has a finest upper semi-continuous decomposition into sub-continua, denoted as
DFSJ , such that the quotient is a finitely suslinian compactum and that D
FS
J refines every other such decomposi-
tion. Moreover, every element d of DFSJ is sent by f onto another element, so that f˜(d) = f(d) is a continuous
map that justifies the following commutative diagram:
J J
DFSJ D
FS
J
f
piJ piJ
f˜
Naturally, a next step of some interest is to find similar models for rational Julia sets or general compact
sets in the plane, that may not be unshielded. See for instance the questions proposed by Curry in [9, Question
5.2 and 5.4].
After a careful examination of unshielded compacta and general continua in the plane, Loridant, Luo and
Yang [21, Theorems 1 to 3] find the following results that connect the notion of Peano compactum to that of
Peano continuum.
Theorem 8.4 (Peano Continuum/Compactum). Given a compactum K ⊂ C, we have:
1. If K is a Peano continuum then it satisfies the Schönflies condition. (See Remark 3.3.)
2. If K is finitely suslinian then it satisfies the Schönflies condition.
3. Assuming that K is unshielded. Then it satisfies the Schönflies condition if and only if
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(3.1) all its components are Peano continua, and
(3.2) for all C > 0 there are at most finitely many components of diameter greater than C.
These results provide direct motivations for the current definition of Peano compactum. They are responses
to [9, Question 5.4]. This question asks for reasonable choices of topological properties (P), such as the com-
bination of the above (3.1) and (3.2), so that all rational Julia sets have a core decomposition with respect to
(P). Indeed, a Peano compactum is defined to be a compact metriable space satisfying the above properties
(3.1) and (3.2). This new notion generalizes both Peano continua and unshielded planar compacta that are
finitely suslinian. Moreover, all planar compacta have a core decomposition, denoted as DPCK , with respect to
the property of being a Peano compactum [21, Theorem 7]. When K is unshielded we have DPCK = D
FS
K ; thus
when K is further connected we also have DPCK = D
LC
K .
We also call DPCK the core decomposition of K with Peano quotient. It is built upon a symmetric relation
RK on K defined as follows. We call RK the Schönflies relation on K. Whether this relation is closed remains
open.
Definition 8.5. Two points x1, x2 ∈ K are related under RK provided that either x1 = x2 or there are two
disjoint simple closed curves Ji ∋ xi such that U ∩ K has infinitely many components intersecting J1, J2 both.
Here U is the component of Cˆ \ (J1 ∪ J2) with ∂U = J1 ∪ J2.
The Schonflies relation is contained in one or many closed equivalences on K, when all relations are con-
sidered as subsets of K × K. Let ∼ be the smallest one that contains RK . This equivalence ∼ is called the
Schönflies equivalence on K [21, Definition 4]. Let DK consist of the classes of ∼. We have the following.
Theorem 8.6 ([21, Theorem 7]). The core decomposition DPCK exists and equals DK .
Theorem 8.7 ([22, Theorem 1 to 4]). Let RK be the closure of RK , as subsets of K×K. Then the following
hold:
1. Two points x 6= y ∈ K are related under RK if and only if K \ (Dr(x) ∪ Dr(y)) has infinitely many
components Qn intersecting both ∂Dr(x) and ∂Dr(y), for 0 < r <
|x−y|
2
.
2. For any x ∈ K the fiber RK [x] =
{
y : (x, y) ∈ RK
}
of RK is connected.
3. Given x ∈ K and a rational map f . If f(u) = x then f
(
Rf−1(K)[u]
)
= RK [x].
4. Any rational map f sends an atom of f−1(K) onto an atom of K. More generally, for any n ≥ 2, every
order n atom of f−1(K) is mapped by f onto an order n atom of K.
Clearly, a compact K ⊂ Cˆ is a Peano compactum if and only if the Schönflies relation RK or its closure RK
is trivial, in the sense that all its fibers are singletons. This observation will be used in the proof for Theorem 3.
Now, to conclude this section, we recall two fundamental results. One is Torhorst Theorem [20, p.512,
§61, II, Theorem 4] and the other a partial converse [31, p.113, (4.4)]. These results relate the topology of a
continuum K ⊂ C to that of the boundary of an arbitrary complementary component. With the theory of Peano
compactum, both of them have direct and natural generalizations.
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Theorem (Torhorst Theorem). Let K ⊂ Cˆ be a Peano continuum. Then every component R of Cˆ \K has
the following properties:
(i) ∂R is a regular curve containing no θ-curve;
(ii) if ∂R has no cut point, it is either a singleton or a simple closed curve;
(iii) the closure R is a Peano continuum.
Theorem (Whyburn’s Theorem). An E-continuum is a Peano continuum if and only if the boundary of any
its complementary components is a Peano continuum. Here a continuum in the plane is an E-continuum if for
all C > 0 at most finitely many of its complementary components are of diameter greater than C.
Torhorst Theorem and the partial converse are to be discussed in [22], which will provide quantified versions
for these results. Here we just point out that, by definition of Peano compactum and Theorem 8.6, we can
directly verify the following generalizations of the above Torhorst Theorem and Whynurn’s Theorem. Except
for tiny adjustments that are necessary, the only difference is that Peano continuum is changed into Peano
compactum everywhere.
Theorem 8.8 (Generalized Torhorst Theorem). Let K ⊂ Cˆ be a Peano compactum. Then every component
R of Cˆ \K has the following properties:
(i) ∂R is a Peano compactum whose components are regular curves containing no θ-curve;
(ii) if a component of ∂R has no cut point, it is either a singleton or a simple closed curve;
(iii) the closure R is a Peano compactum.
Theorem 8.9 (Generalized Whyburn’s Theorem). An E-compactum is a Peano compactum if and only if
the boundary of any of its complementary components is a Peano compactum. Here a compactum in the plane is
an E-compactum if for all C > 0 at most finitely many of its complementary components are of diameter greater
than C.
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